Introduction
In studying the problems of diffraction by crystals it is desirable to have a dynamical solution for diffracted beams because, even under a single Bragg condition, there are strong interactions between the crystal electrons and the beams. When the crystal is perfect, one uses the two-wave approximation to derive an approximate dynamical solution for a single Bragg reflection. When an incident beam satisfies several Bragg conditions simultaneously, one needs to employ 'more than two'-wave approximations which are sometimes only solvable by numerical computations.
There is no true dynamical theory for diffraction unless the multiple interaction is correctly treated. Since difficulty is encountered in obtaining dynamical solutions for a perfect crystal, greater difficulty is expected in seeking completely dynamical solutions for an imperfect crystal.
In electron diffraction where the multiple scattering is essential, a formal theory of dynamical diffraction has been formulated by Niehrs (1959a, b) and Fujimoto (1959 Fujimoto ( , 1960 . In this theory the scattering amplitude is completely dynamical in form. In practice, it is admittedly tedious to calculate the scattering amplitude to a great degree of accuracy. Nevertheless this am-plitude can be calculated to a far higher degree of accuracy than the two-or many-wave approximations. This is possible because the two or the solvable manywave approximations are the zero order approximations in this scattering amplitude. In this sense the scattering amplitude is useful although this is indeed formal.
By contrast, in X-ray diffraction from a perfect crystal, a single Bragg reflection condition is valid in general and the many-beam approximations are not indispensable. Therefore, there has not been so far an immediate need for a completely dynamical expression for the scattering amplitude in X-ray diffraction. However, when one considers the X-ray diffraction problems for an imperfect crystal the situation becomes entirely different. Even though a single Bragg reflection condition is satisfied by an incident wave, the diffracted wave can propagate in any direction. In reality, it propagates mostly in directions around the transmitted and the Bragg diffracted directions (Kuriyama, 1968a, b) . In other words, the diffracted (including the transmitted direction) beams have line broadening around the propagation directions expected from a perfect crystal. This situation implies that there are many beams simultaneously scattered from the imperfect crystal. If one wishes to have a dynamical theory for an imperfect crystal, then one has to seek as good a solution for a multiple interaction problem as in electron diffraction.
In the present paper a formal solution for dynamical diffraction from an imperfect crystal is obtained. Unlike the electron diffraction theories mentioned before, the present formulation is derived for a crystal in which there is absorption of the scattered X-rays. In an imperfect crystal it is always essential to take into account this effect.
A formal expression for the dynamical scattering amplitude
Two basic equations for X-ray diffraction by a crystal are the scattering amplitude and the photon Green's function equations. The scattering amplitude for an X-ray beam striking a crystal at R with momentum k to make a transition to the state of momentum k' emerging at R' is given (Ashkin & Kuriyama, 1966) by
where A is the Fourier transform of the free photon wave packet depending on a parameter R which indicates the spatial location for the maximum intensity. Throughout this paper, only a scalar field is treated in order to avoid unnecessary complications. The thory for X-ray fields is the same except for the polarization factors. The quantity S(p',p) is the scattering matrix element and is given (Kuriyama, 1967a, b) by
The quantity D(kbkz; co) is the Fourier transform of the photon Green's function and satisfies the photon Green's function equation (Kuriyama, 1967a, b) :
where F(kl,k2;eg) is the Fourier transform of the generalized polarizability of the crystal. When the atoms in the crystal are displaced from their positions in the perfect crystal, the Fourier transform of the generalized polarizability is given (Kuriyama, 1967a) by F(kb k2; co) = g(kl -k2))'(kl, k2; 0)),
( 2.5) where g(kl-kz) is the geometrical structure factor for the crystal and is defined by
(2.6) l
The Fourier transform of the polarizability of 'atomic' electrons in the unit cell is denoted by ))(kbk2;o)). The quantity Ve is the unit-cell volume and R~ the atomic position displaced by u~ from the ideal lattice site I. The crystal contains N atoms.
For the present purpose it may be assumed without loss of generality (see 3) that the atomic displacement can be expressed by !11 = Aq sin (q. i-q~q).
(2.7)
Then, (2.6) reduces to
and Ao) is the generalized Kronecker delta, being unity when g+nq is equal to a reciprocal lattice vector K defined in the perfect reference crystal, and otherwise being almost zero. When the size of the crystal is infinite, this function becomes the delta function as follows:
NVeA (3) To simplify notations it is assumed further that y(k,,kz; o9) = y(k, -kz; o~).
(2.11)
The Fourier transform of the generalized polarizability for an infinite crystal is then written F(k,,k2;co) =(2n) 3 Z Z yn(kl-kz)J(kl-k2 +nq-K), K n (2.12) where yn~-kz)=Cn(kl-kz)y (kl,kz;og) .
(2"13)
By substitution of (2.12), the photon Green's function equation ( This is a set of dynamical solutions of the photon Green's function for the imperfect crystal of infinite size. The same basic principle as in the theory for a perfect crystal (Ashkin & Kuriyama, 1966 ) is adopted here in calculating the scattering amplitude of a finite crystal. The principle is that an accurate treatment of the scattering by a finite crystal should be obtained by using the dynamical solution of the photon Green's function for an infinite crystal in conjunction with the modified 'contraction' formula of the scattering amplitude.
The scattering matrix element can now be calculated by (2.2)with D(kl,k2;o9) substituted by 1)oo in (2.20). The scattering matrix element will be evaluated for an imperfect crystal plate of limited dimension in one direction and of infinite dimension in the remaining two orthogonal directions. For convenience the origin of the coordinate system is chosen on the entrance face of the crystal and the z axis along the direction of finite extent of the crystal. The crystal occupies the region between z=0 and z=L, where L is the crystal thickness. The projection of a vector onto the crystal surface is described by a subscript t. The Laue geometry is considered explicitly. Furthermore, it is assumed that the reciprocal lattice vectors I and J belong to a set of the reciprocal lattice points which nearly satisfy Bragg conditions simultaneously. For such I or a it follows that kl, z -4-mqz-Iz ~n" * and to is given by (2.22) with L=0. The integrand of to decreases more rapidly than (kz) -1 as kz approaches infinity. Therefore, the integrals to and t. are given by their residues. To evaluate the residues, it is convenient to rewrite the matrix M, (2.18), in such a way that the matrix element is given by a sum of two terms, one of which is independent of kz. For the reciprocal lattice vectors I and J of interest,* the matrix element of M is given by where I is the identity matrix. Since Mo is independent of kz, the integrals to and t± reduce to (2.26) and similarly to is given without the exponential factors. Here e is an infinitesimally small number. These integrals are easily evaluated to give The assumption that the atomic displacement u~ is given by (2.7) is not needed at all. In general, the atomic displacement vectors are given by a superposition of (2.7) over various q's. Although the expression of g(kx-kz) becomes complicated, it is still true to write g(kx-k2) in the form shown in (2.8).
Any given function f(x) can be defined by
where d is the Kronecker delta and gx is a function of y which takes on the value off(x) at y = x and can be arbitrary elsewhere. This is exactly the form obtained in (2.8) if nq is considered to be a parameter like y, while I and J are chosen so that they can satisfy the assumption (1). It is therefore concluded that the final result of S(p',p) is always valid regardless of the form of u~. Since no restrictions have been imposed on the property of the matrix M (for instance, M is not necessarily Hermitian), the absorption effect has been taken into account. The scattering amplitude of an imperfect crystal for an incoming wave of finite size (spherical wave) is given by (2.1) with the scattering matrix element (2.30). Since all the dynamical interactions have been built into (2.30), this resultant scattering amplitude is dynamical in form.
When the crystal is perfect, this scattering amplitude becomes identical to the formal dynamical expression given by Niehrs (1959a, b) and Fujimoto (1959 Fujimoto ( , 1960 ; it gives nonvanishing values only in the transmitted and the Bragg diffracted directions, and vanishes elsewhere. When the crystal is imperfect, the obtained scattering amplitude gives non-vanishing values not only in the transmitted and Bragg diffracted directions, but also in any direction, because the quantity nq can be considered to be a continuous variable. This implies that the resultant expression for the scattering amplitude includes the dynamical line broadening effect due to imperfections (Kuriyama, 1967a (Kuriyama, , 1968a .
Conclusion:and discussion
In deriving (2.30) several approximations have been used. Among them are (1) that the reciprocal vectors I and J of our interest should lie very close to the Ewald sphere, and (2) that the polarizability }'(kl, k2;eo) of the 'atomic' electrons should be independent of k2, z. Both of these assumptions are indispensable at present. "{" For an asymmetrical reflection, Mo is replaced by MoO -2.
